Practically all applications of soft x-ray pulses from high-harmonic generation profit from more intense pulses. Much attention has been devoted towards maximizing the number of emitted photons, but little research was concerned with the fundamental limitations of re-focusing high harmonics. Here, we show that the divergence of high-harmonics, which is directly linked to the shape and size of the re-focussed beam, can be controlled by the relative delay between the fundamental and its intense orthogonally polarized second harmonic in two-color high-harmonic generation. We find that the divergence is minimized close to the delays were the number of emitted photons is maximized. These findings are rationalized as suppression and enhancement of long and short trajectories, respectively, as function of the phase of the two-color laser fields. The two-color field selects the trajectories by two distinct but coherently connected mechanisms. The orthogonally polarized second harmonic introduces a lateral momentum component that can select one trajectory whereas it deflects the other. At the same time, the second harmonic profoundly influences the tunnel ionization process that initiates high-harmonic generation, which provides another trajectory gate.
INTRODUCTION
High-harmonic generation (HHG) [1, 2] is the cornerstone of attosecond science [3, 4] . It enables the production of attosecond pulses [5] for table-top time-resolved soft x-ray spectroscopy (SXR) [6] of purely electronic dynamics in atoms [7] , molecules [8] [9] [10] [11] , liquids [12] , and solids [13, 14] . High-harmonic-generation sources are equally important for lensless coherent diffraction applications [15] [16] [17] [18] , where they serve as the most commonly used source for table-top imaging experiments. The most prevalent applications of lensless imaging with HHG sources include biological samples [16, 19] and semiconductor structures [20] . Such imaging applications also hold direct promise to be used in an industrial setting for wafer metrology [21] and inspection of nano-structured tools such as masks in photolithography [22] .
Both lensless imaging and time-resolved spectroscopy applications push the limits of existing schemes for improving the conversion efficiency and micro-focusing of HHG. Much focus was directed towards understanding and improving the flux (i.e. the number of emitted HHG photons per time unit) of HHG in the past ( [24] [25] [26] [27] [28] [29] ). Here, we will focus on strategies to control the divergence, which enables new routes towards improving micro-focusing of HHG pulses. Micro-focusing of the broadband HHG pulses can be achieved with specialized diagnostics [30] and optics relying on ellipsoidal [31] or multiple toroidal grazing incidence mirrors [32, 33] . However, the quantum nature of the HHG process poses limitations to the focusing of the HHG pulses: High-harmonic generation is often described as a sequence of strong-field ionization of the outermost valence electron, followed by acceleration of ) trajectories. An infrared (IR) pulse with wavefront ψ f (red dashed line) is focused into a gas medium. During the HHG process, the IR wavefront is transferred to the q-th harmonic (qψ f ). During the excursion of the electron in the continuum, it will acquire a dipole phase that is proportional to the instantaneous intensity: φ D i,q = α i I(r) (the constant term is different for short trajectories and α s << α l ). The total phase of the emitted q-th harmonic order, for the two trajectories is: Φ total i,q = qψ f + Φ D i,q , with i = s, l (short and long respectively). Different divergences can be ascribed to different positions of the their respective virtual sources [23] . (b) Experimental spectrallyintegrated, divergence-resolved HHG spectrum (green dashed line). The data is fitted with a three-parameter model describing a double Gaussian distribution (red solid line). The two individual Gaussians represent the contribution of short (blue line) and long (black line) trajectories. (c) Intensity distribution in the image plane, obtained by Fourier propagation of the narrower profile (blue line) in (b). (d) Intensity distribution in the same plane, obtained by Fourier propagation of the broader profile (black line). In order to account for the different position of the virtual source of the long trajectories, an additional quadratic radial phase distribution was added. This corresponds to a situation where the virtual source lies outside the object plane of the imaging system. the electron in the laser field, and release of the accumulated energy following photorecombination [34] [35] [36] . Each emitted harmonic can be ascribed to a set of two discrete quantum paths, often called short and long trajectories, with a well defined transit time of the continuum electron. During propagation in the continuum, the electron acquires a phase that is imprinted on the emitted radiation ( Fig. 1(a) ). This dipole phase depends on the instantaneous intensity [37] [38] [39] . Due to the typical Gaussian intensity distribution in the focal region of a laser beam, and due to the different ionization times of the two families of trajectories, the dipole phase gives rise to different radial distributions of the spatial phase of emission from the short and long trajectories, for any given harmonic order. This effect leads to different curvatures of the wavefront, which can be observed in the divergence-resolved far-field profiles ( Fig. 1(b) ) as a double Gaussian intensity distribution [39, 40] . This divergence of HHG has been understood in a number of early seminal publications [36] [37] [38] [39] 41] . However, it only became clear very recently that the different trajectories give rise to spatio-temporal couplings, which hinder re-focusing of the HHG to high intensity [23, 42] . This is caused by the different virtual focii of long and short trajectories even if they correspond to the same photon energy (illustrated in Fig. 1(a) ). Therefore focusing pulses from HHG does not give a clean Gaussian profile but rather a double Gaussian focus, where long and short trajectories effectively have different focal planes. The intensity distributions for both short and long trajectories in the image plane corresponding to the focus of the short trajectories are illustrated in Fig. 1 (c) and Fig. 1(d) . This makes a strong demagnification of the focused beam challenging. The situation becomes worse when considering the broadband spectra associated with HHG, with every harmonic order and every trajectory having a different virtual focus, which gives rise to strong chromatic abberations of HHG pulses [23, 42] . The double-Gaussian far-field divergence, just like the different virtual focii, are both phenomena that arise due to the existence of both long and short trajectories. Here, we focus on the divergence as an experimental observable, as it can be measured accurately in a far-field spectrometer. Consequently, methods to control the divergence are needed, which provides control over focusing of the pulses. Such a scheme should be robust, easy to implement, and improve the overall flux or at least keep it on the same level. Here, we demonstrate that HHG driven by two-color femtosecond pulses with an intense orthogonally polarized second harmonic of the fundamental driving field can be used to control the divergence and thus the overall focusing of the HHG pulses. We compare our results rigorously to single-color HHG under otherwise similar conditions. We demonstrate that for the plateau harmonics, long and short trajectories are modulated out of phase, meaning the emission of one trajectory can be selectively enhanced over the other. We find that the overall HHG flux is also increased as compared to single-color HHG for a twocolor phase that corresponds to minimum divergence, i.e. predominantly short trajectory emission. This demonstrates that two-color HHG holds great promise to control the divergence and thus focusing quality of HHG pulses, while simultaneously improving the flux.
Our work in this article builds on a number of earlier papers on two-color HHG. Two-color HHG with a weak second harmonic has been employed to introduce a weak additional momentum to the strong-field driven electron in the continuum. This approach enabled the reconstruction of ionization, recombination, and transit times in HHG [43, 44] , both for short and long trajectories [45] . Two-color HHG with a strong second harmonic [46] was demonstrated to provide a means for selecting long and short trajectories [47] . However, it was not yet understood if and how much this will change the divergence of the beam, and if this effect might take place at the expense of overall conversion efficiency. In a separate work, two-color HHG was demonstrated to improve the HHG flux dramatically in the plateau of the generated spectra [27] . However, in this study the cutoff was lying outside of the range of the spectrometer, which makes any quantitative statement on the overall flux difficult.
EXPERIMENTAL CONCEPT AND SETUP
We use an 800 nm Titanium:Sapphire (Ti:Sa) laser with 40 fs pulse duration and 1 kHz repetition rate in our experiments. The orthogonally polarized two-color field is generated with a 0.2 mm thick β-bariumborate (BBO) crystal that produces up to 25% relative intensity of the second harmonic. Subsequently, two calcite plates compensate for the group delay between the 800 nm and 400 nm pulses, and a pair of fused silica wedges is used for fine adjustment of the group and phase delay of the two-color field. Both calcite plates were tilted slightly off-normal with opposite angles to compensate for possible spatial walkoffs between the fundamental and second harmonic due to refraction, which would lead to slightly nonlinear geometries and therefore smear out the beam profiles. One calcite plate was motorized to scan the relative two color phase delay. We had to scan for less than 0.3 degrees to achieve a 2π two-color phase shift. The two-color pulses were focused with f=50 cm focal length to intensities of (1.8 ± 0.3) · 10 14 W/cm 2 into an effusive gas expansion of Ar. The nozzle was connected to an xyz-translation stage for fine positioning of the focus relatively to the gas. Subsequently, the HHG beam was spectrally dispersed with a concave abberation-corrected flat-field grating onto a double-stack microchannel plate detector backed with a phosphor screen. This geometry serves as far-field spectrometer, where the spectrum is dispersed in the horizontal plane, and the beam freely propagates in the vertical direction. All results are systematically compared to HHG with 800 nm only, by detuning the BBO to eliminate all second-harmonic conversion. In addition, we verified that the pulse energies of the 800 nm pulses compared to the 800+400 nm pulses were identical. For these settings, the cutoffs for HHG with 800 nm only and 800+400 nm were the same or 800 nm only produced one harmonic order more. We found that the exact intensity did not influence the divergence a lot, but the overall flux of the HHG. Therefore our estimates for the flux improvement with two-color pulses are on purpose very conservative, and larger factors might be achievable. The concept of the experiment is illustrated in Fig. 2 , which shows the long and short trajectories of H.O. 19 (42nm) for two different phases in (a) and (b). The trajectories were calculated classically [35] . The figures also show the relative instantaneous strong-field ionization rate in the two-color field [48, 49] . Many groups have previously studied the effect of an low-intensity cross polarized second harmonic on HHG: only when the field is chosen such that the electron is returning to its origin at the time of return, then recombination is efficient. That occurs when the initial lateral velocity is compensated by the lateral displacement introduced by the second harmonic [44] . However, in the present article the field of the second harmonic is strong, so in addition the second harmonic has a profound influence on the strong-field-ionization step. For 0 rad phase ( Fig. 2(a) ), the long trajectory recombines to the origin, and the short trajectory 
Fig. 2. Concept of trajectory-control in two-color HHG:
The short (blue) and long (black) trajectories for harmonic 19 (42 nm) as well as the two-color ionization rate (green) are shown for a relative two-color phase of (a) 0 and (b) 0.5π rad. For a phase of 0 rad in (a), the short trajectory misses the origin and the long trajectory recombines. The situation is opposite in (b). In addition the relative difference in ionization rates between long and short trajectories is much less severe in (b) than in (a). misses the origin. In addition, the ionization rate at the time of birth of the short trajectory is about 1000 times lower than for the long trajectory. For a phase of 0.5π rad, the short trajectory recombines, and the long trajectory misses its ion. Moreover, the ionization rate at the time of birth of the short trajectory is only 10 times lower than for the long trajectory. So both ionization and recombination favor the short trajectory for this two-color phase. While the steering of the continuum trajectories will influence the divergence through trajectory selection, the modulation in the ionization step will have a profound influence on the overall HHG flux. Orthogonally polarized two-color drivers were previously reported to cause a higher CE than in conventional one-color HHG [27] . We will show here that these settings of maximum CE correspond to a two-color phase that produces HHG with close-to minimum divergence, due to selection of short trajectories over long trajectories. Generally, selecting the short trajectories is more desirable than selecting long trajectories: short trajectories are chirped in a way that they can be compressed to attosecond pulses by metal filters [50] , whereas long trajectories are oppositely chirped and therefore cannot be compressed in the same way. Furthermore, long trajectories have a lower recombination probability and are harder to phase match, which makes their contribution to the overall flux weaker. Finally, the larger divergence of the long trajectories imposes large NA requirements on all subsequent optics.
RESULTS AND DISCUSSION
Two-color HHG spectra for two different phases (0 and 0.5π) of the two-color field are shown in Fig. 3 . A relative two-color phase delay of π corresponds to a delay of about 670 as. For the HHG conditions in Fig. 3(a) we observe a strongly divergent spectrum, whereas the beam is more collimated for a two color-a) b) Fig. 3 . Far-field HHG spectra for two relative two-color phases: a) HHG spectrum for a relative phase of 0, in which long trajectories are selected. b) HHG spectrum for a relative phase of 0.5π, in which short trajectories are selected. The spectrum in (b) shows less signal at higher divergences, higher counts in the central area, and higher overall counts as compared to the spectrum in (a).
phase of 0.5π, as shown in Fig. 3(b) . In addition, the overall number of emitted photons is considerably higher for two-color phases where a more collimated beam is generated ( Fig. 3(b) ). As described and simulated in Fig.2 , a two-color phase of 0 corresponds to selecting predominantly long trajectories, which explains the more divergent profile in Fig. 3(a) , whereas a phase of 0.5π selects short trajectories leading to a less divergent beam profile.
We now turn to the results of a complete scan of the two-color phase. These results are summarized in Fig. 4 and give insight into the effectiveness of divergence control over the full bandwidth of HHG pulses. For the data in Fig. 4(a) , we scanned over slightly more than two intensity oscillations. We plotted amplitude (brightness) and phase (color) of the frequency component, with which the intensity oscillates (as obtained from a Fourier Transform). Therefore, bright (as opposed to dark) regions in Fig. 4(a) indicate a strong harmonic signal, and the color contrast indicates different oscillation phases. As explained in section 2, the signal of the short trajectories will be enhanced at a different delay than the signal of the long trajectories. The centers of most plateau harmonics (between 50 and 75 nm) show a red/purple shading (short trajectories), while the outer pixels of these harmonics show a light blue color (long trajectories). This color contrast between red and blue tones thus directly visualizes the parts of the far-field beam that are dominated by long and short trajectories, respectively. Figures 4(b)-(d) show the oscillations of a few narrow regions in the far-field corresponding to selected harmonic orders 12 (67 nm), 16 (50 nm) and 22 (36 nm) for both short (squares) and long (circles) trajectories. The phase between two peaks corresponds to π (0.67 fs), such that the relative delay for maximizing the short or the long trajectory is different by approximately 0.5π (0.33 fs). Comparing harmonic order 12 in Fig. 4(b) and 16 in Fig. 4(b) , we note that this phase difference between the two trajectories becomes smaller for higher harmonics. This effect is even more visible for a harmonic in the cut-off region, see Fig. 4(d) . The long and short trajectories that correspond to higher photon energies are becoming more similar to each other in terms of ionization and recombination times as well as excursion amplitudes, and merge in the cutoff, which explains the similar oscillation phases for higher harmonics. Figure 4 thus demonstrates that we can discriminate between the long and short trajectories by adjusting the two-color phase.
We now turn to analyzing and quantifying the divergence change and the signal level of the harmonics for different relative two-color delays in Fig. 5 . The divergence of the harmonics is determined after summing the pixels along the wavelength axis for a specified region of interest. Fig. 5(a) shows beam profiles, for a region of interest spanning harmonic 13 through harmonic 23. The profiles in the main panel are normalized to their maxima to highlight the effect of the two-color fields on the divergence. The spectrum was generated with the gas jet before the focus, and the intensity of the second harmonic was 25% of the fundamental. The blue curve displays the HHG beam profile for a relative two-color phase of 0.5π rad, at which the short trajectories are enhanced. The black curve represents the beam profile for a relative phase of 0 rad, optimizing the contribution of the long trajectories. The red curve shows the HHG beam profile which is generated by the fundamental 800 nm field only, under otherwise similar conditions, as outlined in the previous section. The beam generated with an 800+400 nm driver (blue curve) has much less signal in the wings at larger divergence angles in Fig. 5(a) , compared to HHG with the fundamental 800 nm field only. Simultaneously, the total signal at this relative phase is enhanced almost by a factor of 2 compared to the fundamental field case, as can be seen in the inset in Fig. 5(a) , which shows the actual and not the normalized intensity. Each beam profile can be fitted by a double Gaussian, as previously illustrated in Fig. 1(b) . In the case of two-color HHG optimized for short trajectories (blue), the amplitude of the long trajectory contribution is decreased by about 40% compared to the conventional one-color HHG (red). This demonstrates that for a relative phase of 0.5π rad, both the divergence and the total signal level are improved. At this phase the ionization is modified in favor of the short trajectories and the long trajectories are prevented from recombining. At a relative delay of 0 rad, displayed by the black curve, the signal in the wings is enhanced. In addition, the total signal level is comparable to the signal for the HHG with the fundamental 800 nm field only. The modification of the ionization rate between the two relative delays is fairly small for the long trajectories. Because this modification is not as large as for the short trajectories, a relative delay of 0 rad does not improve the signal level of the long trajectories a lot. Simultaneously this phase between the two fields deflects electrons related to short trajectories, therefore decreasing the overall signal of the short trajectories. Figures 5(d )-(f) show the beam profile changes for three separate harmonics, taken from the same scan as the total profile shown in Fig. 5(a) . In order to compare the even harmonics with the fundamental field, an average of the neighbouring odd harmonics is taken for generating the red curve. For lower harmonics, long and short trajectories have vastly different spatial displacements. Therefore the low harmonics show a large difference in total intensity and divergence for the two different relative phases. In all cases the short-trajectory optimized 800+400 nm driven HHG (blue curve) shows less signal in the wings, compared to the 800 nm driven HHG (red curve). Also the overall intensity (insets) of the blue curve compared to the red curve increases with factors of 10, 2 and 3, respectively for the harmonics shown in Fig. 5(d )-(f). Harmonics near the cutoff show less increase in absolute signal. The reason is that the relative excursion for long and short trajectories become similar for higher harmonics, and merge in the cutoff of the spectrum.
To further investigate the process of improving the brightness of the HHG beam, the position of the gas jet and the ratio between the power of the fundamental and second harmonic field are varied. Figure 5 (b) shows the beam profiles in which the gas jet is positioned behind the focus. In this configuration phase matching enhances the long trajectory contribution [41] . The signal in the wings is still suppressed significantly in the best case (blue) compared to the fundamental field case (red). The overall intensity of the signal is also increased (inset in Fig. 5(b) ). Figure 5 (c) shows the beam profiles of an experiment, in which the percentage of the second harmonic power was lowered to 11%. Although the total intensity is slightly improved at a relative delay of 0.5π compared to 800 nm only, the improvement of the divergence is less pronounced with the lower second harmonic field power. By having a lower contribution of the second harmonics, the ionization rate will be changed less compared to the fundamental field only case. Also the selection of trajectories by introducing a smaller lateral velocity component will become less efficient.
CONCLUSION AND OUTLOOK
We demonstrated that phase-controlled orthogonally polarized two-color fields can be used to minimize the divergence of HHG, while simultaneously improving the overall flux. The improvement of the divergence is predominantly attributed to the introduction of a lateral momentum component that enables trajectory selection, while the enhanced number of photons is mainly influenced by the re-shaped strong-field ionization rate in a twocolor laser field. The suppressed long trajectory contribution is synonymous with a smaller and cleaner mono-Gaussian focus when re-focusing the harmonics. Such improvements will be hugely beneficial for attosecond science and lenless imaging with HHG sources. Pump-probe experiments with two attosecond pulses from HHG, sometimes dubbed the "holy grail of attosecond science", have made tremendous progress [51, 52] , but remain challenging because the peak intensities attainable with individual pulses from HHG are relatively low. All experiments that aim at attosecond pump-probe or non-linear processes in the SXR range will benefit tremendously from our two-color strategy to achieve higher brightness in HHG and higher-quality focii.
Imaging applications need a small focus, as a too large focus will go at the expense of resolution. In addition, a non-clean (mono-Gaussian) focus can cause problems in image-reconstruction algorithms that do not directly retrieve the beam, and it will always cause problems when a fine detail within a larger structure is being imaged and a non-mono-Gaussian focus would create imaging artifacts due to diffraction from the surrounding structures. Improvements of the focusing of HHG are not limited to two-color fields, but to any manipulation in the HHG process that favors trajectory selection. This seems to be the beginning of a larger effort, as recent papers have highlighted the importance of understanding and improving [23, 42] the micro-focusing of HHG [53] .
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